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Figure 5. An overview of the locations and widths of
mean motion resonances in the Kepler-102 planetary sys-
tem. Orbital periods are on the y-axis (note the y-axis
is discontinuous and the scaling is not the same in each
region) and eccentricity is on the x-axis. The location of
each transiting planet in orbital period is indicated by a
circle (with relative sizes reflecting planetary radii) and
a solid horizontal line that extends to the eccentricity at
which that planet would cross another planet’s orbit (pe-
riod uncertainties are smaller than the line width). The
locations of a subset of each planet’s interior and exterior
resonances (up to 4th order) are indicated by horizontal
dashed lines with widths shaded (the color of each reso-
nance matches its planet). The mean motion resonances
are labeled such that “4-b:3” means a particle at that loca-
tion would complete 3 orbits in the same amount of time
that Kepler-102 b takes to complete 4 orbits. The darker
shaded region is the resonance width (in the test-particle
limit; Appendix A) for a low-end planet mass estimate,
and the lighter shaded region is for a high-end mass es-
timate. For Kepler-102 b, c, d, and f, the low-end mass
limit represents a planet with a density equal to 0.5⇢�,
and the high-end limit is a density of 1.5⇢�. For Kepler-
102 e, the 1–� limits on the mass from RV measurements
(Marcy et al. 2014) were taken. We assumed a stellar
mass of 0.8M� when calculating the resonance widths.

max eccentricity to 
avoid orbit crossing  

notation: 3-d:2 means a particle here 
would complete 2 orbits in the same 
amount of time that Kepler-102 d 
takes to complete 3 orbits

shaded regions are resonance 
widths for plausible planet masses 
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and f) in the Kepler-102 system based on the long-cadence Kepler data. Hadden & Lithwick (2014) used TTVs to
estimate the mass of Kepler-102 d based on the assumption that the observed TTVs in the system for planets c, d,
and e were the result of the near 3:2 MMRs between planets c and d and planets d and e. However this mass estimate
is unfortunately likely erroneous in light of subsequent data; a more recent measurement and analysis of TTVs from
all available long-cadence Kepler data (Holczer et al. 2016) does not indicate statistically significant periodicity in
the measured TTVs for Kepler-102. Additionally, transits of Kepler-102 b were not part of the dataset analyzed by
Hadden & Lithwick (2014), so its near resonance with planet c was not considered as a possible source of TTVs. In
Appendix B, we present a brief analysis of how the near-resonances in the Kepler-102 system could induce TTVs,
though the Holczer et al. (2016) transit times do not show observational evidence of them.

3.3. Secular dynamics in the Kepler-102 system

We have shown that, at low to moderate eccentricities, MMRs are not a likely direct source of instabilities in our long-
term simulations based on the Kepler-102 system. Here we turn our attention to the secular structure and evolution
of the system. For each set of assumed Kepler-102 planet masses, we use the Laplace-Lagrange linear secular theory
(Murray & Dermott 1999) to calculate the basic secular architecture of the system. Briefly, this theory assumes that
the planets in the system can be modeled as rings, with the mass of each planet spread out along its orbit. The shapes
and orientations of the rings change slowly with time under the mutual gravitational perturbations of the planets. In
the linearized secular approximation, the time variation of the planets’ eccentricities is decoupled from that of their
mutual inclinations. The time evolution of the eccentricity vector of each planet is expressed as a superposition of
linear modes (“secular modes”) whose frequencies depend only on the masses and orbital periods of the planets and on
the mass of the host star.

Because the secular frequencies depend on planet masses, and the planet masses are not known, there is a wide
variety of possible secular architectures for the Kepler-102 system. We calculated the linear secular solution for this
system by randomly sampling the full range of possible planet masses and initial conditions. Our calculations find a
few general properties of note. One is that it is not uncommon for two of the eccentricity mode frequencies to be of
similar magnitude and for these two modes to have roughly equal power in the secular solution for the inner planets’
eccentricity vectors. This near-degeneracy of a pair of secular modes means that the phenomenon of mode beating
can occur and can lead to large eccentricities for some planets on secular timescales. This phenomenon explains the
very shortest instability timescales found in a few of our simulations, representing initial conditions that simply lead to
constructive combinations of secular mode amplitudes that causes planet-crossing and destabilizing close encounters.
In the majority of our simulations, however, it is the slower chaotic transfer of AMD amongst the planets which
eventually builds up the eccentricity of the inner, low mass planet. We note that the orbit of planet b is close to the
location where a secular resonance would occur in the test-particle approximation (where planet b’s mass is zero); in
these cases, the precession of a test particle’s orbit at the location of planet b would nearly match one of the four
eccentricity frequencies induced by planets c-f, which would result in a large forced eccentricity for the test particle’s
orbit. This is interesting because planet b is the smallest planet in the system; if planet b is a particularly low-density
planet with a mass much smaller than the other planets in the system, then it could be subject to more significant
secular eccentricity variations. Thus it is plausible that the instabilities in the simulated Kepler-102 systems are driven
by secular interactions.

In the secular (orbit-averaged) approximation, the semi-major axes of the planets remain constant over time, and
the total angular momentum deficit (AMD) of a planetary system is conserved (see, e.g., Laskar & Petit 2017); the
total AMD of an N-planet system is given by the sum of the AMDs of each planet:

AMDtotal =
NX

j=1

AMDj

AMDj =
mjM⇤

mj +M⇤

q
G(mj +M⇤)aj

⇣
1�

q
1� e2

j
cos ij

⌘
,

(4)

where G is the universal constant of gravitation, M⇤ is the mass of the star, and mj , ej , and ij are the mass, eccentricity,
and inclination of the jth planet. In the linear approximation, the eccentricities and mutual inclinations have quasi-
periodic time variation, with maxima given by the constructive interference of all the linear secular modes (Murray
& Dermott 1999). Going beyond linear secular theory, Lithwick & Wu (2011) have suggested that when there are
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Details about our numerical investigations:
For each observed planetary system shown to the left, we integrated 100 
representations of the system. We assigned planet masses according to 
Wolfgang et al. 2016’s statistical mass-radius relationship based on each 
planet’s observed radius and uncertainty; we also assigned the central 
star’s mass within measurement uncertainties. We then assigned planet 
semimajor axes using the assigned stellar mass and the observed orbital 
periods. All observational constraints were taken from the NASA Exoplanets 
Archive. We assigned eccentricities and mutual inclinations from Rayleigh 
distributions of width 0.02 for eccentricity and width 1.4° for inclination 
(consistent with Xie et al. 2016’s estimate for the intrinsic distribution of 
multi-planet systems). Mean anomalies, longitudes of perihelion, and nodal 
longitudes were assigned randomly. We integrated the system using the 
Mercurius hybrid integrator within REBOUND (Rein & Liu 2012) until a 
physical collision occurred or until the system completed 5 billion orbits for 
the innermost planet.

Investigations of individual systems:
Our simulations of each observed system architectures can be used to 
determine whether stability is possible for the full range of planet masses 
allowed by the mass-radius relationship (Wolf et al. 2016). Below are two 
examples where masses must be limited for the architecture to remain 
stable for at least 5 billion orbits of the innermost planet. Where relevant, we 
also include the approximate mass limits required to maintain low mutual 
inclinations based on analytical secular theory. We also compare these 
constraints to available observationally derived mass estimates.
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multi-planet systems). Mean anomalies, longitudes of perihelion, and nodal 
longitudes were assigned randomly. We integrated the system using the 
Mercurius hybrid integrator within REBOUND (Rein & Liu 2012) until a 
physical collision occurred or until the system completed 5 billion orbits for 
the innermost planet.

Investigations of individual systems:
Our simulations of each observed system architectures can be used to 
determine whether stability is possible for the full range of planet masses 
allowed by the mass-radius relationship (Wolf et al. 2016). Below are two 
examples where masses must be limited for the architecture to remain 
stable for at least 5 billion orbits of the innermost planet. Where relevant, we 
also include the approximate mass limits required to maintain low mutual 
inclinations based on analytical secular theory. We also compare these 
constraints to available observationally derived mass estimates.
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There are more than 600 observed multi-planet systems, displaying a wide distribution of 
planetary radii and orbital spacings. We investigate how and when dynamical instabilities 
arise in different system architectures.

We integrated several 
thousand 4+ planet systems
representing the distribution of 
observed planetary systems for 
timescales up to ~400 Myr.

✦Approximately 10% of those 
integrations ended with 
planetary collisions.

✦The most significant 
difference between stable and 
unstable systems is their 
distribution of period ratios. 
Unstable planet pairs are 
confined to period ratios ≲ 2.
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Background and Motivation
What role does dynamical stability and instability play in sculpting planetary 
systems? 

Instability in high-multiplicity systems:

Details about our numerical investigations:
For each observed planetary system shown to the left, we integrated 100 
representations of the system. We assigned planet masses according to 
Wolfgang et al. 2016’s statistical mass-radius relationship based on each 
planet’s observed radius and uncertainty; we also assigned the central 
star’s mass within measurement uncertainties. We then assigned planet 
semimajor axes using the assigned stellar mass and the observed orbital 
periods. All observational constraints were taken from the NASA Exoplanets 
Archive. We assigned eccentricities and mutual inclinations from Rayleigh 
distributions of width 0.02 for eccentricity and width 1.4° for inclination 
(consistent with Xie et al. 2016’s estimate for the intrinsic distribution of 
multi-planet systems). Mean anomalies, longitudes of perihelion, and nodal 
longitudes were assigned randomly. We integrated the system using the 
Mercurius hybrid integrator within REBOUND (Rein & Liu 2012) until a 
physical collision occurred or until the system completed 5 billion orbits for 
the innermost planet.

Investigations of individual systems:
Our simulations of each observed system architectures can be used to 
determine whether stability is possible for the full range of planet masses 
allowed by the mass-radius relationship (Wolf et al. 2016). Below are two 
examples where masses must be limited for the architecture to remain 
stable for at least 5 billion orbits of the innermost planet. Where relevant, we 
also include the approximate mass limits required to maintain low mutual 
inclinations based on analytical secular theory. We also compare these 
constraints to available observationally derived mass estimates.
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There are more than 600 observed multi-planet systems, displaying a wide distribution of 
planetary radii and orbital spacings. We investigate how and when dynamical instabilities 
arise in different system architectures.

We integrated several 
thousand 4+ planet systems
representing the distribution of 
observed planetary systems for 
timescales up to ~400 Myr.

✦Approximately 10% of those 
integrations ended with 
planetary collisions.

✦The most significant 
difference between stable and 
unstable systems is their 
distribution of period ratios. 
Unstable planet pairs are 
confined to period ratios ≲ 2.
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spacing, Δ, between 
neighboring planets is their 
orbital separation in units of 
their mutual hill radius:

The pairs of planets that 
collide in our simulations 
have a nearly flat distribution 
of spacings in the range 
Δ=5-20.

A statistical exploration 

Kat Volk and Renu Malhotra

Background and Motivation
What role does dynamical stability and instability play in sculpting planetary 
systems? 

Instability in high-multiplicity systems:

Details about our numerical investigations:
For each observed planetary system shown to the left, we integrated 100 
representations of the system. We assigned planet masses according to 
Wolfgang et al. 2016’s statistical mass-radius relationship based on each 
planet’s observed radius and uncertainty; we also assigned the central 
star’s mass within measurement uncertainties. We then assigned planet 
semimajor axes using the assigned stellar mass and the observed orbital 
periods. All observational constraints were taken from the NASA Exoplanets 
Archive. We assigned eccentricities and mutual inclinations from Rayleigh 
distributions of width 0.02 for eccentricity and width 1.4° for inclination 
(consistent with Xie et al. 2016’s estimate for the intrinsic distribution of 
multi-planet systems). Mean anomalies, longitudes of perihelion, and nodal 
longitudes were assigned randomly. We integrated the system using the 
Mercurius hybrid integrator within REBOUND (Rein & Liu 2012) until a 
physical collision occurred or until the system completed 5 billion orbits for 
the innermost planet.

Investigations of individual systems:
Our simulations of each observed system architectures can be used to 
determine whether stability is possible for the full range of planet masses 
allowed by the mass-radius relationship (Wolf et al. 2016). Below are two 
examples where masses must be limited for the architecture to remain 
stable for at least 5 billion orbits of the innermost planet. Where relevant, we 
also include the approximate mass limits required to maintain low mutual 
inclinations based on analytical secular theory. We also compare these 
constraints to available observationally derived mass estimates.

of dynamical stability
in Kepler and K2

multi-planet systems

Acknowledgments 
This work is supported by funding from NASA’s Exoplanet Research 
Program grant number 80NSSC18K0397.
We gratefully acknowledge a generous allocation of computer time from the 
University of Arizona High Performance Computing (HPC) research center.

0.1 1 10 100 1000

0.1 1 10 100 1000

orbital period (days)

orbital period (days)

0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5

Co
llis

io
n 

Pr
ob

ab
ilit

y

stable
system 

0%

5%

25%

20%

30%

15%

10%

35%

40%

45%

>50%

Inner Solar System

✦We find a weak trend that equal mass neighbors are less likely to become 
unstable.

� = a2�a1
(a2+a1)/2

⇣
m1+m2
3Mstar

⌘ 1
3

✦The time to collision is relatively flat in log(t) and does not depend strongly 
on dynamical spacing or period ratio.

0.1 1 10 100 1000

0.1 1 10 100 1000

orbital period (days)

orbital period (days)

0.1 1 10 100 1000

0.1 1 10 100 1000

orbital period (days)

orbital period (days)

0.1 1 10 100 1000

0.1 1 10 100 1000

orbital period (days)

orbital period (days)

1 
M
̥

0.
1

1
10

10
0

10
00

0.
1

1
10

10
0

10
00

or
bi
ta
lp
er
io
d
(d
ay
s)

or
bi
ta
lp
er
io
d
(d
ay
s)

0.
1

1
10

10
0

10
00

0.
1

1
10

10
0

10
00

or
bi
ta
lp
er
io
d
(d
ay
s)

or
bi
ta
lp
er
io
d
(d
ay
s)

0.
1

1
10

10
0

10
00

0.
1

1
10

10
0

10
00

or
bi
ta
lp
er
io
d
(d
ay
s)

or
bi
ta
lp
er
io
d
(d
ay
s)

Ea
rth

’s 
Ra

di
us

Ne
pt

un
e’

s 
Ra

di
us

 0
 50

 100
 150
 200
 250
 300
 350
 400

 2  3  4  5  6  7  8

nu
m

be
r o

f t
ra

ns
iti

ng
 s

ys
te

m
s

number of planets

412

137

50 20 5 1 1

Kepler

K2
other

 0
 20
 40
 60
 80

 100
 120
 140

 0  1  2  3  4  5  6  7nu
m

be
r o

f p
la

ne
ts

 p
er

 b
in

planet radius (R�)

all Kepler/K2 
planets in multis

subset with mass 
estimates

 0

 50

 100

 150

 200

 250

 300

 0  20  40  60  80  100nu
m

be
r o

f p
la

ne
ts

 p
er

 b
in

orbital period (days)

 0.001

 0.01

 0.1

 1

 1  10  100  1000cu
m

ul
at

iv
e 

fra
ct

io
n

orbital period (days)

 0

 2

 4

 6

 8

 10

 1  1.5  2  2.5  3  3.5  4re
la

tiv
e 

nu
m

be
r o

f p
ai

rs
 p

er
 b

in

period ratio for planet pairs

 0 2 4 6 8 1
0

 1
 1

.5
 2

 2
.5

 3
 3

.5
 4

relative number of pairs per bin

pe
rio

d 
ra

tio
 fo

r p
la

ne
t p

ai
rs

non-colliding pairs 
in unstable systems

pairs in stable 
systems

colliding pairs in 
unstable systems

 0
 0.2
 0.4
 0.6
 0.8

 1

1 2 3 4 5  6  7  8

cu
m

ul
at

iv
e 

fra
ct

io
n

period ratio for planet pairs

 0

 1

 2

 3

 4

 5

 6

 5  10  15  20  25  30  35  40

re
la

tiv
e 

nu
m

be
r o

f p
ai

rs
 p

er
 b

in

6 (mutual hill radius separation)

 0 2 4 6 8 1
0

 1
 1

.5
 2

 2
.5

 3
 3

.5
 4

relative number of pairs per bin

pe
rio

d 
ra

tio
 fo

r p
la

ne
t p

ai
rs

non-colliding pairs 
in unstable systems

pairs in stable 
systems

colliding pairs in 
unstable systems

 0
 0.2
 0.4
 0.6
 0.8

 1

 5  10  15  20  25  30  35  40

cu
m

ul
at

iv
e 

fra
ct

io
n

6 (mutual hill radius separation)

 0

 0.05

 0.1

 0.15

 0.2

 0  0.2  0.4  0.6  0.8  1

fra
ct

io
n 

of
 p

ai
rs

 p
er

 
bi

n 
th

at
 c

ol
lid

e

mass ratio of pairs

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9  1

cu
m

ul
at

iv
e 

fra
ct

io
n 

of
 p

ai
rs

mass ratio of pairs

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

105 106 107 108 109

re
la

tiv
e 

nu
m

be
r o

f 
pa

irs
 p

er
 b

in

collision time (years)
5

10
15
20
25
30
 35

105 106 107 108 109

in
iti

al
 6

collision time (years)

 1
 1.25

 1.5
 1.75

 2
 2.25

105 106 107 108 109

 p
er

io
d 

ra
tio

5
10
15
20
25
30
 35

105 106 107 108 109

in
iti

al
 6

collision time (years)

0.1 1 10 100 1000

0.1 1 10 100 1000

orbital period (days)

orbital period (days)

Kepler-444

 0.01

 0.1

 1

b c d e f

m
as

s 
(M

�
)

There are more than 600 observed multi-planet systems, displaying a wide distribution of 
planetary radii and orbital spacings. We investigate how and when dynamical instabilities 
arise in different system architectures.

We integrated several 
thousand 4+ planet systems
representing the distribution of 
observed planetary systems for 
timescales up to ~400 Myr.

✦Approximately 10% of those 
integrations ended with 
planetary collisions.

✦The most significant 
difference between stable and 
unstable systems is their 
distribution of period ratios. 
Unstable planet pairs are 
confined to period ratios ≲ 2.
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Simulated planetary systems based on 
the architecture of observed Kepler 
multis frequently show dynamical 
instabilities 

But what specifically drives those 
instabilities? 

Understanding this will help us 
understand the properties of the real 
(Gyr+ old) observed multi planet 
systems!

But what specifically drives those instabilities?


Understanding this will help us understand the properties 
of the real (Gyr+ old) observed multi planet systems!
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We use the 5-planet Kepler-102 system as a case study to 
understand what’s driving instabilities: 

This system has a few features of interest:  
—very few simulated versions are stable

—the two smallest, inner-most planets are  
almost always the ones that become unstable

—there are several near-resonant period ratios  
in the system

✦Initial dynamical spacings 
between planet pairs are not 
strongly predictive of stability/
instability. The dynamical 
spacing, Δ, between 
neighboring planets is their 
orbital separation in units of 
their mutual hill radius:

The pairs of planets that 
collide in our simulations 
have a nearly flat distribution 
of spacings in the range 
Δ=5-20.

A statistical exploration 

Kat Volk and Renu Malhotra

Background and Motivation
What role does dynamical stability and instability play in sculpting planetary 
systems? 

Instability in high-multiplicity systems:

Details about our numerical investigations:
For each observed planetary system shown to the left, we integrated 100 
representations of the system. We assigned planet masses according to 
Wolfgang et al. 2016’s statistical mass-radius relationship based on each 
planet’s observed radius and uncertainty; we also assigned the central 
star’s mass within measurement uncertainties. We then assigned planet 
semimajor axes using the assigned stellar mass and the observed orbital 
periods. All observational constraints were taken from the NASA Exoplanets 
Archive. We assigned eccentricities and mutual inclinations from Rayleigh 
distributions of width 0.02 for eccentricity and width 1.4° for inclination 
(consistent with Xie et al. 2016’s estimate for the intrinsic distribution of 
multi-planet systems). Mean anomalies, longitudes of perihelion, and nodal 
longitudes were assigned randomly. We integrated the system using the 
Mercurius hybrid integrator within REBOUND (Rein & Liu 2012) until a 
physical collision occurred or until the system completed 5 billion orbits for 
the innermost planet.

Investigations of individual systems:
Our simulations of each observed system architectures can be used to 
determine whether stability is possible for the full range of planet masses 
allowed by the mass-radius relationship (Wolf et al. 2016). Below are two 
examples where masses must be limited for the architecture to remain 
stable for at least 5 billion orbits of the innermost planet. Where relevant, we 
also include the approximate mass limits required to maintain low mutual 
inclinations based on analytical secular theory. We also compare these 
constraints to available observationally derived mass estimates.
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✦The time to collision is relatively flat in log(t) and does not depend strongly 
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There are more than 600 observed multi-planet systems, displaying a wide distribution of 
planetary radii and orbital spacings. We investigate how and when dynamical instabilities 
arise in different system architectures.

We integrated several 
thousand 4+ planet systems
representing the distribution of 
observed planetary systems for 
timescales up to ~400 Myr.

✦Approximately 10% of those 
integrations ended with 
planetary collisions.

✦The most significant 
difference between stable and 
unstable systems is their 
distribution of period ratios. 
Unstable planet pairs are 
confined to period ratios ≲ 2.
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✦Initial dynamical spacings 
between planet pairs are not 
strongly predictive of stability/
instability. The dynamical 
spacing, Δ, between 
neighboring planets is their 
orbital separation in units of 
their mutual hill radius:

The pairs of planets that 
collide in our simulations 
have a nearly flat distribution 
of spacings in the range 
Δ=5-20.

A statistical exploration 

Kat Volk and Renu Malhotra

Background and Motivation
What role does dynamical stability and instability play in sculpting planetary 
systems? 

Instability in high-multiplicity systems:

Details about our numerical investigations:
For each observed planetary system shown to the left, we integrated 100 
representations of the system. We assigned planet masses according to 
Wolfgang et al. 2016’s statistical mass-radius relationship based on each 
planet’s observed radius and uncertainty; we also assigned the central 
star’s mass within measurement uncertainties. We then assigned planet 
semimajor axes using the assigned stellar mass and the observed orbital 
periods. All observational constraints were taken from the NASA Exoplanets 
Archive. We assigned eccentricities and mutual inclinations from Rayleigh 
distributions of width 0.02 for eccentricity and width 1.4° for inclination 
(consistent with Xie et al. 2016’s estimate for the intrinsic distribution of 
multi-planet systems). Mean anomalies, longitudes of perihelion, and nodal 
longitudes were assigned randomly. We integrated the system using the 
Mercurius hybrid integrator within REBOUND (Rein & Liu 2012) until a 
physical collision occurred or until the system completed 5 billion orbits for 
the innermost planet.

Investigations of individual systems:
Our simulations of each observed system architectures can be used to 
determine whether stability is possible for the full range of planet masses 
allowed by the mass-radius relationship (Wolf et al. 2016). Below are two 
examples where masses must be limited for the architecture to remain 
stable for at least 5 billion orbits of the innermost planet. Where relevant, we 
also include the approximate mass limits required to maintain low mutual 
inclinations based on analytical secular theory. We also compare these 
constraints to available observationally derived mass estimates.
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There are more than 600 observed multi-planet systems, displaying a wide distribution of 
planetary radii and orbital spacings. We investigate how and when dynamical instabilities 
arise in different system architectures.

We integrated several 
thousand 4+ planet systems
representing the distribution of 
observed planetary systems for 
timescales up to ~400 Myr.

✦Approximately 10% of those 
integrations ended with 
planetary collisions.

✦The most significant 
difference between stable and 
unstable systems is their 
distribution of period ratios. 
Unstable planet pairs are 
confined to period ratios ≲ 2.

 0.1

 1

 10

b c d e

m
as

s 
(M

�
)

0.1 1 10 100 1000

0.1 1 10 100 1000

orbital period (days)

orbital period (days)

Kepler-402

 0
.0

1

 0
.1 1

b
c

d
e

f

mass (M�)

Ke
pl

er
-4

44

1-! observational limits 
(Mills & Fabrycky 2017)

 0
.0

1

 0
.1 1

b
c

d
e

f

mass (M�)

Ke
pl

er
-4

44

full simulated 
mass range

 0
.0

1

 0
.1 1

b
c

d
e

f

mass (M�)

Ke
pl

er
-4

44

upper limit from 
stable simulations

approximate limit for 
maintaining low inclinations

Inner solar system 

Kepler-102 

1 day 10 days 100 days 1000 days

We use the 5-planet Kepler-102 system as a case study to 
understand what’s driving instabilities

Background: Simulated planetary systems based on the 
architecture of observed Kepler multis frequently show 
dynamical instabilities. (We assign masses based on a 
mass-radius relationship, assign low eccentricities and 
inclinations, randomize orbital angles, and simulate for 5 
billion inner-planet orbits.) However, at the low eccentricities typical 

of Kepler multis and for reasonable planet 
masses (based on planetary radii), none of 
the planets are actually close enough to 
their mutual mean motion resonances for 
those to directly drive the instabilities.

Because the inner planets are small, even a 
slight increase in AMD can raise their 
eccentricities to unstable values.


If Kepler-102 b’s mass is ︎ >~0.1M⊕, stability 
is more likely. 
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The inward transfer of AMD in this system and many others is driven by secular chaos 
(e.g., Lithwick & Wu 2011). We calculated “spectral fractions” to describe the AMD of each 
planet in a simulated system based on very short (~106 orbit) integrations; the spectral 
fraction is the fraction of frequencies in a discrete fast Fourier transform (FFT) of a planet’s 
AMD time series that exceed some power threshold (we chose 5% of the strongest 
frequency).

Low spectral fraction:

High spectral fraction:

Instead, the instabilities appear to be the 
result of angular momentum deficit (AMD) 
being transferred inward (the plot illustrates 
the change in AMD per orbit for each planet 
in all our Kepler-102 simulations ).

And this seems to be the case for the other systems too!
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5 minutes of cpu time to 
characterize the secular 
behavior can predict 
stability after hundreds 
of cpu hours!

The spectral fraction calculated from short simulations 
(~106 orbits) is a good predictor of stability on long 
timescales (~109 orbits)! Below we show the distribution 
of survival times (median and 1-sigma spread) vs spectral 
fraction for a few thousand simulations of Kepler multis.
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